Abstract-In practical multiple-input multiple-output (MIMO) systems, due to the close proximity among the antennas, the channels between different transmit and receive antennas are spatially correlated. Besides spatial correlation, closely placed antennas also experience mutual coupling among the antennas, which is due to the interaction of electro-magnetic fields at different antennas. In this paper, we present a study on the effects of spatial correlation and mutual coupling and in particular, their impacts on the performance of the carrier frequency offset (CFO) estimation in MIMO systems. The simulation results show that spatial correlation degrades the performance of the CFO estimation. Mutual coupling has two effects. Firstly it reduces the spatial correlation, which is beneficial. On the other hand, it also reduces the power of the desired signal, which is detrimental. Simulations results show that the combined effects of mutual coupling introduces additional degradation on the CFO estimation.
I. INTRODUCTION
Multiple-input multiple-output (MIMO) systems increase the information capacity of rich scattering wireless fading channels enormously by using multiple antennas at both the transmitter and the receiver [1] . In the study of MIMO systems, a common assumption used in many works is that the channel responses between different transmit and receive antennas are statistically independent. In practice, due to the close proximity among the antennas, the channel responses are spatially correlated. The spatial correlation is related to the propagation environment of the wireless signals. Besides this spatial correlation, the electromagnetic (EM) fields at closelyplaced antennas also interact with each other and cause mutual coupling among the antennas [2] [3] . The effect of antenna correlation and mutual coupling on the capacity of the MIMO channel was studied in [4] [5] . It was shown that both spatial correlation and mutual coupling reduces the capacity of MIMO channels.
In this paper, we present a study of the effects of antenna correlation and mutual coupling on the carrier frequency offset (CFO) estimation in MIMO systems. We first present a mathematical model of the spatial correlation and show that it is dependent on the distributions of angle of arrival (AOA) at the receive antennas and the angle of departure (AOD) at the transmit antennas. These distributions can be characterized by a distribution function called power angular spectrum (PAS). We study two specific PAS distributions, namely the uniform PAS, which is the most commonly used, and the Laplacian PAS, which more accurately describes the indoor propagation environments [6] [7] . It is found that Laplacian PAS introduces more spatial correlation due to its narrower angular spread. Computer simulations show that higher spatial correlation leads to larger degradation in the CFO estimation compared to independent and identically-distributed (i.i.d.) MIMO channels. We also model the effect of mutual coupling. We see that mutual coupling firstly reduces the spatial correlation, which is beneficial. On the other hand, mutual coupling also reduces the power of the desired signal, which is detrimental. Simulations results show that the combined effects of mutual coupling introduces additional degradation on the CFO estimation.
II. EFFECTS OF SPATIAL CORRELATION
In this section, we study the spatial correlation among antennas related to the propagation environment and also its effects on the performance of the CFO estimation in MIMO systems. As the correlation effect is similar for different paths in a multi-path channel, in this section, we only consider the effect on one path, i.e. we only consider a flat fading channel. For a MIMO system with N t transmit and N r receive antennas, the received signal in flat fading channels can be written as r = Hs + n
where s is the transmitted signal from N t transmit antennas, H is the N r × N t channel matrix with the i, jth element H i,j as the channel response between the jth transmit antenna and the ith receive antenna and n is the AWGN noise. In practice, MIMO channels are correlated in the spatial domain. Such correlation can be modeled as [8] 
where H iid is the channel matrix generated using i.i.d. zeromean complex Gaussian random variables. The transmit and receive correlation matrices are denoted as R tx and R rx respectively.
To simplify the analysis, we only look at the spatial correlation at the receive antennas, while assuming zero correlation among the transmit antennas. The spatial correlation is related to the propagation environment and is dependent on the distributions of angle of arrival (AOA) and angle of departure (AOD), which are specified by the power angular spectrum (PAS). For ease of illustration, we consider a twoantenna receiver. The results can be extended to more than two antennas straight-forwardly. Figure 1 illustrates a receiver with two antennas spaced d meters apart. There is a plane wave (s(t, θ)) impinging at an AOA of θ. The received signal at the ith receive antenna can be expressed as [9] 
where s(t, θ) is the impinging signal, t is time and θ is the AOA of s(t, θ). The carrier frequency is denoted as f c , d is the spacing between the antennas and λ is the wavelength. The power gain of the ith antenna at angle θ is denoted as G i (θ).
The covariance matrix of the received signal can be written as
where we use E t,θ to denote statistical expectation taken over both time t and the angle θ. The received signal power at each receive antenna is given by
The correlation coefficients of the received signals at the two antennas are defined as
We assume that the impinging signal s(t, θ) has zero mean over all angles, so that E t,θ [r 1 (t, θ)] = 0. Similarly we have E t,θ [r 2 (t, θ)] = 0. Therefore, the correlation coefficient can be simplified to
and the covariance matrix can be re-written as
Denoting D = 2π It is reasonable to assume that different antenna elements in an antenna array have the same radiation pattern, i.e.
In this case, we also have
to denote the power of the impinging signal from angle θ. We also assume that the power of the impinging signal is independent of θ and hence we will use P s instead. The PAS of the received signal at angle θ is denoted as PAS(θ). With these, we can rewrite the correlation coefficient in (6) as
A common assumption used in the analysis of the spatial correlation is that the AOA is uniformly distributed between 0 and 360 degrees, i.e. PAS(θ)=1/(2π) for all θ values. In this case, the correlation coefficient is given by
Moreover, if the antennas are omni-directional, i.e. G(θ) = G for all the angles, then ρ 1,2 = J 0 (D) where J 0 is the Bessel function of the first kind and order 0. It was found in [6] [7] that the PAS for indoor environments closely matches a Laplacian distribution given by
where σ is the angular spread, μ is the mean AOA and both are in degrees. For this PAS, there is no closed-form solution for the correlation coefficients. Therefore, we use numerical integration to calculate ρ 1,2 . Figure 2 shows a comparison of the correlation coefficients for uniform PAS and Laplacian PAS. For Laplacian PAS, we also compare the correlation coefficients for different mean AOA and angular spread (AS) values for omni-directional antennas. From the figure, we can see that the correlation We use computer simulations to study the performance of CFO estimation for Laplacian PAS with different mean AOA and angular spread values for a 2 × 2 MIMO system in flat fading channels. The spacing between the 2 receive antennas is 0.5λ. For CFO estimation, we use the timedomain maximum likelihood estimator using periodic training sequences proposed in [10] . We use two periods of length-16 training sequences. Figure 3 shows the MSE of CFO estimation for different mean AOA and AS values. We also plotted the Cramer-Rao bound (CRB) for the CFO estimation for i.i.d. MIMO channels. From the figure, we can see that the performance of CFO estimation is degraded compared to that of the i.i.d. channel due to the spatial correlation. For a fixed mean AOA values of μ = 0 o , the degradation is larger for smaller angular spread values due to the larger spatial correlation. For a fixed angular spread of AS= 20 o , we can see that the performance degradation is larger for larger mean AOA values. This is because, as shown in Figure 2 , for a fixed angular spread, the spatial correlation is larger for larger mean AOA values.
III. EFFECTS OF MUTUAL COUPLING
Mutual coupling among different antenna elements in an antenna array is caused by the interactions of the EM waves received at different antenna elements. This effect is related to the antenna array and is independent of the propagation environment. The effects of mutual coupling were studied in [2] and [3] . It was shown that with mutual coupling among different antennas, the effective channel can be re-written as
where C rx and C tx are the coupling matrices for the receiver and transmitter respectively. In this section, for simplicity of illustration, we only consider the effects of propagation environments and mutual coupling at the receiver. In this case, the effective channel can be simplified to
Here we dropped the subscript of rx to simplify the notation. In [11] , it was shown that mutual coupling reduces the spatial correlation between the antennas. On the other hand, mutual coupling also results in power loss on the desired signal when the two antennas are placed too close [5] . Next, we look at the overall effects of mutual coupling on the performance of CFO estimation in MIMO systems. Let us consider a receiver with two dipole antennas. From [2] , the coupling matrix in (13) can be calculated as
In this study, we assume that the loading impedance Z load is matched to the self impedance Z s of the antenna, i.e. Z load = Z * s . The mutual impedance Z m , which is due to the mutual coupling, is a function of the dipole length l, the antenna spacing d and the antenna placement configuration. The mutual impedance can be calculated numerically using the induced Electromagnetic Fields (EMF) method [12] . Combining the effect of coupling with the spatial correlation related to the propagation environment, we have
From (15), we can see that there are two effects from mutual coupling. Firstly, mutual coupling changes the spatial correlation. Secondly, the received signal power is scaled by P . The effective correlation (|ρ 1,2 |) as a function of the antenna spacing for a 2-antenna receiver is depicted in Figure 4 . Here, we assume two dipole antennas with length l = 0.5λ placed side by side. For such antennas, the self-impedance is Z s = (73 + j42) Ω [12] . We also assume that the AOA has a uniform distribution from 0 to 360 o . We can see that with the effect of mutual coupling, the spatial correlation between the antennas is reduced. The power P as a function of the antenna spacing is shown in Figure 5 . The plot shows that the system suffers significant power loss if the two antennas are spaced too closely. The power loss becomes insignificant when the antenna spacing is about 1λ. In summary, the effect of mutual coupling is two-fold. Firstly it reduces the spatial correlation between the antennas, which is a desirable effect. On the other hand, it introduces extra power loss, which is undesirable.
We used computer simulations to investigate the combined effect of mutual coupling on the performance of the CFO estimation. We simulated a 2 × 2 MIMO system for flat fading channels. We assume the transmit antennas are independent and only consider the effect of coupling at the receiver. The spacing between two receive antenna is 0.5λ. We also assume an uniformly distributed AOA at the receiver. We use the same training sequence and CFO estimator as those used in obtaining Figure 3 . The performance of CFO estimation with and without considering the effect of coupling is compared in Figure 6 . We can see that the spatial correlation introduced by the propagation environment degrades the MSE performance as compared to the i.i.d. channel. Mutual coupling adds additional degradation to the performance. This means that the detrimental effect due to the power loss (as shown in Figure  5 ) is larger than the beneficial effect due to reduced spatial correlation (as shown in Figure 4 ).
IV. CONCLUSION
In this paper, we studied the effects of spatial correlation and antenna mutual coupling on the performance of CFO estimation in a MIMO system. We showed that Laplacian PAS introduces higher spatial correlation compared to a uniform PAS due to its narrower angular spread. For a Laplacian PAS with a constant angular spread, the spatial correlation is higher for larger mean AOA values. Computer simulations showed that the higher the spatial correlation, the higher the performance degradation in the CFO estimation compared to i.i.d. MIMO channels. We further showed that antenna mutual coupling has two effects. Firstly it reduces the spatial correlation, which is beneficial for CFO estimation. Secondly it introduces power loss on the received signal, which is detrimental. The overall effect of mutual coupling adds additional degradation to the performance of CFO estimation.
